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Abstract. In this paper we present a certain class of geodesic vector fields 
of the double-twisted product M ^(f.g) Some examples of totally geodesic 
foliations are given. 

1. Introduction 

The concept of double-twisted product was introduced by Ponge and Reckziegel 
(see [5]) in the context of the semi-Riemannian Geometry. 

Definition 1. Let and {M2,g2) be (pseudo)Riemannian manifolds. Let 

Xi : All X M2 — > R (i — 1,2) be a positive and differentiable function. Consider 
the canonical projections tt^ : Mi x M2 — > Mi for i — 1,2. Then the double- 
twisted product Miy.(^\-^\^)M2 of {Ml, gi) and {M2, §2) is the differentiable manifold 
Ml X M2 equipped with the (pseudo) Riemannian metric g defined by 

g{X, Y) = \g, {dn, (X), dn, (Y)) + X,g, [dn, {X),d^, {Y)) 

for all vector fields X and Y of Mi x M2 ■ 

This definition generahzes the R. L. Bishop's notion of an umbihc product (de- 
noted by Ml X\ M2), which B. Y. Chen caUs a twisted product and which is the 
double twisted product Mi y~{i,\) M2 (see [1] and [2]). If in this situation A only 
depends on the points of Mi, then Mi X\ M2 is a warped product by definition. 

If M and N are complete Riemannian manifolds, then the double-twisted prod- 
uct M X(Ai,A2) ^ is not, in general, a complete Riemannian manifold. But, for our 
purposes, the following Lemma is enough (the proof is similar of that of Lemma 40 
in [4]) 

Lemma 1. Suppose that M and N are complete Riemannian manifolds. Given two 
differentiable functions Ai, A2 : M X iV — > [1, 00), then the double-twisted product 
M X{Xi,\o) N is a complete Riemannian manifold. 

Proof. Denote by tt : M x — > M and a : M x N — > N the natural projections. 
Denote by C and d the arc lenght and the distance in AI x^Xi.X2) respectively. 
We use the metric completeness criterion from the Hopf-Rinow theorem. Note 
first that if v is tangent to AI X(>j ^2) ^ then, since Ai > 1 and A2 > 0, we 
have {v,v) > {d-K{v),d'iT[v)) . Hence C{a) > C{tt o a) for any curve segment a in 
M X(Ai,A2) ^- Analogously, C{a) > L(a o a). Then we have the inequalities 

rf(a:^,2/) > c?(7r(x),7r(?;)) and d{x,y) > d{cr{x),a{y)), yx,y £ AI x (^x_^ x2) ^ 

Both inequalities implies that if ((pfe, '?fc))fcgN is a Cauchy sequence in the double- 
twisted product M Xj^x^ x^-^ N, then {pk)keN and {qk)keN are Cauchy sequences, 
respectively, in (M, gi) and {N, 52)- As M and N are complete, {pk)kGN and {qk)k£N 
are convergent and then ((pfe, qk))k£ti is convergent in M X(_Xi,\2) ^ ^ 



2 



ANDRE GOMES 



2. Preliminaries 

Some computations are necessary in order to find tfie examples. We denote by 
dx and dy the canonical vector fields of 'S?. The new metric in is given by 

where {x,y) e and f,g : > (0,+oo) are functions of class C°°. The 

real plane equipped with this (Riemannian) metric is the double twisted product of 
R and M and denoted by M x (j^^) R. We find now its connection V and curvature R. 

By metric compatibility we know that 
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= {^dydx,dy) + {dx 













where in the last equation we used [dx, dy] =0. 

Using the equations above, we find the Riemannian connection V of R x R: 



-j2 C^dA^ 9x) + ^ {^d^dx, dy) dy 
/a: Q _ ffy a 

r o ^y 

f 9^ 

72 C^dydy, dx) dx + -2 {"^dydy, dy) dy 
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{^dydx, dx) + ~2 {'^dydx,dy) dy 

kdx + ^-d. 
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Moreover, by definition we have 



= ^dy^dA ~ ^a^^dydx 

= ^VOydx + {^)ydx - ^VOydy - {l^ldy 
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^ijdx - '-fdy) + {fhdx + fifdx + Jdy) + Cj)Jy 



ly_ _ 9^ , fx9x _ ffy9y _ /ffy_\ _ /9x ^ 
9^ 9^ fg 5^ ^ g^'y ^ g> 



and then 

{R{dx,dy)dx,dy) = 



ly_ _ . fx9x _ ffy9y _ / f fy \ _ /9x_\ 

9" 5' fg g" ^ g"'" ^ g 



Analogously, we have 



R{dx,dy)dy = VdyVd^dy - "^dSdydy - V[o^,o^]5y 

= "^dy^d^dy - Vd^VOydy 

'fva : 9x^ ^ t 9x9^ , 9y 
f 



= Vay{^dx + 'jdy)-VaA-J^dx 
fvTi Pi , ffy\ a , 9xj^_ a , i9x 
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= f^Oydx + {f)ydx + f^Oydy + ( ^ ) „ 9, 
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3. Geodesic vector fields 

A codimension-one foliation on a Riemannian manifold M is totally geodesic 
if their leaves are totally geodesic submanifolds of M. If an unit vector field 



U{x,y) = a{x, y)dx + b{x, y)dy 
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defined on K ^ is geodesic, then its integral curves determines a totally 

geodesic foliation on K y-{f,g) K. The vector field U is geodesic VuU = 0. But 

Vc/C/= aVd^U + bVe,U 

= a (Va, (aa^ + bdy)) + b (Vo„ {ad^ + bdy)) 

= a {aVg.^dx + a^dx + bWe^dy + bxdy) + b {aWa^dx + ayd^ + bVo^dy + bydy) 



+ b ( a(^5, + ^dy) + aydx + b{-^dx + ^dy) + bydy 



= (^a^^-b'ij^ + 2ab^ + aax + k) 

+ (-a'^ +b'^+ 2ab^ + abx + bby) dy 

Therefore, the condition VuU = is equivalent to the following system 
a'^U _ jpa^ + 2ab^ + aa^ + bay=Q 

-a'^lh. + 52 £a. ^ 2ab2^ + ab^ + bb^ = 

g g ' x ' y 

Theorem 1. Consider the following unit vector field defined on M X(/,g) R 

Then the vector field U above is an unit geodesic vector field on R x M iff 

fy ~ 9x 

Proof. In this case we have a = l/\/2/ and b = 1/V2g. Substituting this in the 
above system we obtain 

( ^ h. 1_ S2l2 4- J_ i 4- ^_ a / 1 \ _ n 

1 //« I 1 ffy 1 J_ 9^ 1 ^_ d_(_}_\^_}_ 9 ( 1 'I — n 
, W ~g^^W g ^ fg g ^ V2f dx\V2g'^V2g dy^^g)-'^ 

After simplifications, both equations are equivalent to the equation fy = g^ O 

Example. If f{x,y) := e^+^ + sin^(a;) + 1 and g{x,y) := e^+^ + 1, then fy = g^ 
and the following unit vector field of M x g) K 

is a geodesic vector field. 

4. Foliations with geodesic normal vector field 

We recall some results about totally geodesic foliations. Let M"+^ be an ori- 
entable Riemannian manifold and be a codimcnsion-onc C°°— foliation on M. 
Suppose that T is transversely orientable, i.e., we may choose a differentiable unit 
vector field A'' e X{M) normal to the leaves of J^. 
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Given a point p € M we may always choose an orthonormal frame field 

{ei,e2, . . . ,e„,e„+i} 

defined in a neighborhood of p and such that the vectors ei, . . . , e„ are tangent to 
the leaves of T and e„+i = N. The Ricci curvature in the direction e„+i = N is 

n 

Ric{N) := -V (R(e„iV)ei,iV) 
n ■f— f 
1=1 

The divergence of a vector field V G 3C{M) is locally defined as 

n+l 

div{V) :=^(Ve,y,efc) 

fe=i 

In [3] the Author proved the following 

Theorem 2. Let T be a codimension- one foliation of a complete Riemannian man- 
ifold M" and let N be an unit vector field normal to the leaves of T . Then 

T is totally geodesic Ric{N) — —div{'V n^) = 

As a consequence we obtain 

Corollary 1. Let T be a codimension- one foliation of a complete Riemannian 
manifold M and let N be a geodesic unit vector field normal to the leaves of T . 
Then T is a totally geodesic foliation if, and only if, Ric{N) = 0. 

The following theorem gives us some examples of such foliations 

Theorem 3. Let f = f{x) > 1 and g = g{y) > 1 be differentiable functions. 
Consider the following unit vector field defined on M x (j g) R 

Then N is a normal vector field of a totally geodesic foliation o/R X(j g) M. 

Proof. We have fy = gx = and then A'' is a geodesic vector field. Moreover, for 
this choice of functions, the double-twisted product K x (j^^) M is flat (see the expres- 
sions of curvature R in the §2) and complete (by Lemma 1). Therefore, Ric{N) = 
and (by Corollary 1) A' is a normal vector field of a totally geodesic foliation of 

Rx 

Example. If f{x) := e^ + 1 and g{y) := sin^(y) -|- 1, the following vector field 

is a geodesic vector field and normal to the leaves of a totally geodesic foliation of 
Kx(/,s) ^- 
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